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Abstract

In this thesis we deal with an online learning model called Switching Experts. In this model an

online learner has access to a group of experts and their predictions for each step of the learning

process. The learner ranks the credibility of an expert in each step based on the expert’s performance

along the process. The learner’s predictions are given based on the experts’ predictions and their

credibility rank. Each algorithm in the Switching Experts model presents a unique ranking strategy.

The algorithms work when the expert giving the best predictions remains the best for a long enough

period of time. Since the best expert can switch over time, the model is called Switching Experts.

In this thesis we extended a Switching Experts model named K-Switching Experts [4]. This

model assumes a limited number of expert switches, which can also be viewed as a low probability

for an expert switch. In our extension we consider a switching probability of a Hidden Markov

Model form, by mapping the best expert to a Markov state. The switching probability assumed by

the K-Switching Experts model is a special case of a degenerate Markov process where the proba-

bility does not depend on the current Markov state. Our extension can be viewed as a generalization

of this model.

A foreign currency investment strategy written specifically for this thesis was used to test our

algorithm. We used the MetaTrader 5 [1] trading platform to program trading robots, which trade

autonomously based on current market information. These served as the experts in our algorithm.

The traders’ advice was to either buy or sell a given asset. A trade order was given at each time step,

based on the traders’ advice and the ranking implied by our algorithm. We have simulated all the

algorithms described in this thesis on foreign exchange market data over the year 2009. The total

profit made by our algorithm over this year was the highest when compared to the other algorithms.
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Chapter 1

Introduction

This introduction presents an overview of the online learning with switching experts model and the

contribution of this thesis.

1.1 Online Learning with Switching Experts

Learning prediction models for complex dynamic environments like financial markets is a difficult

task. A complex model which considers all dimensions of the problem is prone to overfitting and

shortage of resources such as available data and processing power. A simplistic model, on the

other hand, will overlook important aspects of the problem. A ”divide and conquer” strategy may

be used to overcome this problem by learning simpler models for small parts of the problem and

assembling them appropriately into a generic model. For example, when we have high confidence

in a financial market, we can invest money using a model containing high risks but with potentially

high profits. On the other hand, when the market is volatile, we may want to reduce the risk in our

investment and use a more conservative model which will minimize our losses. An optimal strategy

will interchange both models based on the current state of the market.

We can view an investment in a financial market as an online process. We consider a discrete

time process where at each time step, new information arrives regarding assets we invested in and

the investment performance is reassessed. We then adjust our investment to the new conditions. An

optimal investment strategy over a given period is one that maximizes the cumulative profit over

that period or, from an alternative viewpoint, minimizes the cumulative loss. Knowing the optimal

strategy in retrospect, we can assess our strategy’s performance by comparing its loss to the loss

made by the optimal strategy. The difference in loss of the two strategies is called regret since it

measures how ’sorry’ we are not to have followed the optimal strategy. A financial investor can

be thought of as an online learner, learning an optimal investment strategy. The investor predicts

1



CHAPTER 1. INTRODUCTION 2

what the optimal strategy at each time step would be, and invests according to that strategy. The

investor’s predictions are effected by his performance at each round.

An online learner sometimes has access to a group of experts. In the case of the online investor,

these experts can be financial advisors, hedge funds and so on. The model is formally referred to

as Online learning with experts. An expert producing the highest cumulative profit, as compared

to the other experts in the group, is named an optimal expert of that group. In the Online learning

with experts model the learner goal is to track the optimal expert of a group and adopt its strategy.

This way the learner minimizes the regret it has in relation to the performance of this expert. In

this thesis, the experts’ strategies are considered to be ”black boxes.” We are only interested in the

performance of these strategies. We will focus on two online learning with experts algorithms. The

first algorithm, which is called Bayes algorithm [3], deals with experts making their predictions

in the form of a distribution on the admissible prediction values. The second algorithm, called

Weighted Majority algorithm [5], deals with experts giving a single value as a prediction.

We consider an extension of the Online learning with experts model which allows the optimal

expert to switch over time. As mentioned above, an optimal expert for a given time period, is an

expert producing the smallest cumulative loss over that period. If we consider time periods of length

1, then the optimal expert at a given time step is simply the one giving the best prediction at that

time step. Matching each step with its corresponding optimal expert, we get a temporal chain of

optimal experts which we name a Meta-Expert.

Figure 1.1: An illustration of an optimal Meta-Expert for an online learning process over a time

period of length T . In the example, expert 3 gives the best predictions for steps 0 to 4

Our algorithm goal is to track the optimal Meta-Expert among the possible Meta-Experts. This

learning model is formally referred to as Online learning with switching experts. Since the number

of possible Meta-Experts grows exponentially with the learning period length, some assumptions

must be made in order to limit the admissible Meta-Experts. In this thesis we will focus on two

Switching Experts algorithms. The first algorithm called Weight Share Algorithm [4] is an exten-

sion of the Bayes algorithm [3]. The second algorithm is an extension of the Weighted Majority
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algorithm [5] which we will refer to as Weighted Majority with Switching Experts [4]. These two al-

gorithms limit the number of admissible Meta-Experts by assuming that a limited number of expert

switches are possible. This limit can also be viewed as a low probability for a switch.

The contribution of this thesis is our own extension for the Bayes and Weighted Majority algo-

rithms. Our extension limits the number of admissible Meta-Experts by assuming that the switching

of the optimal experts is governed by a first order Hidden Markov Model. The Markov model gen-

eralizes the constant switching probability of the previous algorithms mentioned by allowing the

probability to change depending on the current Markov state. In this thesis we provide a solution

for a two states Markov model, so the number of optimal experts that can switch in the group is

two. A transition to an m-state Markov model, where m is the number of experts, completes the

generalization.

We tested our algorithm on the foreign exchange market environment. The question presented

to the learner in this environment was whether to buy or sell a given asset. We assumed the market

was switching between two states, ”high volatility” and ”low volatility”, based on an approximated

Markov model which was calculated using historical market data. The experts predicted the price

trend of the given asset (up/down) by watching price data over time frames of varying length. The

assumption guiding this construction was that in order to predict a price trend in an unstable market,

where the price trend tends to change rapidly, shorter time periods should be used in relation to those

used for a stable market. Given that the market is in a ”low volatility” state for most of the time,

it is less probable to switch from a ”low volatility” state to a ”high volatility” state than the other

way around. For this reason we find our algorithm more suited for this scenario than the previous

algorithms mentioned, which consider a constant switching probability.



Chapter 2

Basic Concepts

2.1 Statistics

In this section we define the basic statistical tools we use in our algorithm.

2.1.1 Probability and Random variables

We define probability in terms of sample space S, which is a set whose elements can be viewed

as a possible outcome of an experiment. A probability distribution P[·] on a sample space S is a

mapping from events (subsets) of S to real numbers such that the following probability axioms are

satisfied.

1. P[A] ≥ 0 for any event A.

2. P[S] = 1.

3. P[A ∪B] = P[A] + P[B] for any events A and B such that A ∩B = ∅

We call X a random variable if it accepts values which are subsets of S. A random vari-

able is said to be discrete if it can assume only a finite or countably infinite number of values. We

will deal only with discrete random variables in this thesis.

2.1.2 Conditional Probability

Conditional probability formalizes the notion of having prior partial knowledge of the outcome of

an experiment. The conditional probability of an event X = x given that another event Y = y has

occurred is defined to be

P[X = x|Y = y] =
P[X = x, Y = y]

P[Y = y]
(2.1)

4



CHAPTER 2. BASIC CONCEPTS 5

The conditional probability of X = x given Y = y is the ratio of the probability of both events

X = x and Y = y to the probability of event Y = y. When P[Y = y] = 0 the probability is defined

to be 0.

The Marginal probability P[Y = y] is calculated using the following formula:

P[Y = y] =
∑

x∈S

P[Y = y,X = x] (2.2)

From 2.1 and 2.2 we derive The following Bayes theorem:

P[X = x|Y = y] =
P[Y = y|X = x]P[X = x]
∑

x∈S P[Y = y,X = x]
(2.3)

2.1.3 Conditional Independence

Two random variables X,Y are independent if

∀x, y ∈ S P[X = x, Y = y] = P[X = x]P[Y = y] (2.4)

An equivalent definition is

∀x, y ∈ S P[X = x|Y = y] = P[X = x] (2.5)

X,Y are said to be conditional independent given a random variable Z if

∀x, y, z ∈ S P[X = x, Y = y|Z = z] = P[X = x|Z = z]P[Y = y|Z = z] (2.6)

A shorter notation of the above equation is

P[X,Y |Z] = P[X|Z]P[Y |Z] (2.7)

2.1.4 Expectation

The expectation or, mean of a discrete random variable X is the probability-weighted sum of the

possible values of X .

E[X] =
∑

x

xp(x)
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2.1.5 Markov Models

A discrete stochastic process is an indexed sequence of random variables (X1, . . . , Xn, . . . ).

A discrete stochastic process is said to be stationary if

∀l, n P[X1, . . . , Xn] = P[X1+l, . . . , Xn+l] (2.8)

A discrete stochastic process is said to be a first order Markov process if

∀n P[Xn+1|Xn, Xn−1, . . . , X1] = P[Xn+1|Xn] (2.9)

In this case, the joint probability function can be factorized as

P[X1, . . . , Xn] = P[X1]
n
∏

i=2

P[Xi|Xi−1] (2.10)

2.1.6 Bernoulli Random Variable

A random variable X is distributed Bernoulli(p) where p ∈ [0, 1], if P[X = 1] = p and

P[X = 0] = 1− p.

2.1.7 Chernoff Inequality

Chernoffs inequality provides an exponentially small bound on the probability of deviating from the

expectation. It applies to an important special case, namely, when the random variable at hand is

the sum of i.i.d Bernoulli variables. This inequality is formulated as follows.

Theorem. Let X1, . . . , Xn be i.i.d Bernoulli random variables, X =
∑n

i=1Xi and µ = E[X].

Then For all δ ≥ 0,

P[X ≥ (1 + δ)µ] ≤

(

eδ

(1 + δ)1+δ

)µ

2.1.8 Hoeffding’s Lemma

Let X be a random variable over the real segment [a, b], then for t ∈ R,

lnE[etX ] ≤ tE[X] +
t2(b− a)2

8

2.2 Trading in the Forex market

In this section we define the basic tools and concepts used in the real data tests section of this thesis.
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2.2.1 The Foreign Exchange Market

The foreign exchange market (also referred to as Forex, FX, or Currency market) is a worldwide

decentralized financial market for the trading of currencies. In a typical foreign exchange transaction

a party purchases a quantity of one currency by paying a quantity of another currency.

2.2.2 Automated Trading

Automated trading is the use of computer programs for entering trading orders with the computer

algorithm deciding on aspects of the order such as the timing, price, or quantity of the order or, in

many cases initiating the order without human intervention.

2.2.3 Technical analysis

Technical analysis is a discipline for forecasting the direction of prices through the study of past

market data, primarily price and volume. While fundamental analysts examine earnings, dividends,

new products, research and the like, technical analysts examine what investors think about those

developments and whether or not investors have the wherewithal to back up their opinions. Using

charts, technical analysts seek to identify price patterns and trends in financial markets and attempt

to exploit those patterns.

2.2.4 Indicator

A mathematical transformation of price, often including trading volume. Indicators are used by

technical analysts to help determine whether an asset is trending, and if it is, its price direction and

probability of continuation.

2.2.5 MA Indicator

The Moving Average indicator is the moving average graph of a financial instrument price over a set

period. Given a series of prices and a fixed set period, the moving average can be obtained by first

taking the average of the first period, shift the period forward one price, creating a new set of prices,

which is averaged. The plot line connecting all the averages is the moving average. A moving

average is commonly used with time series data to smooth out short-term fluctuations and highlight

longer-term trends. There are different types of moving averages. For example, a Weighted moving

average can attach recent prices with higher weights than older prices, so the average result is closer

to recent prices. Another type of Weighted average is the Exponential average where the weights

given exponentially decreases.
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2.2.6 ADX Indicator

The Average Directional Index (ADX) is an indicator of trend strength in a series of prices of a

financial instrument. The ADX is a combination of two other indicators, the positive directional

indicator (+DI) and negative directional indicator (-DI). The ADX combines them and smooths

the result with an exponential moving average. To calculate +DI and -DI, one needs price data

consisting of high, low, and closing prices of each period. One first calculates the Directional

Movement (+DM and -DM):

UpMove = Today’s High - Yesterday’s High

DownMove = Yesterday’s Low - Today’s Low

if UpMove > DownMove and UpMove > 0, then +DM = UpMove, else +DM = 0

if DownMove > UpMove and DownMove > 0, then -DM = DownMove, else -DM = 0

After selecting the number of periods, +DI and -DI are: +DI = 100 × exponential moving

average of +DM divided by Average True Range. -DI = 100 × exponential moving average of -DM

divided by Average True Range. The exponential moving average is calculated over the number of

periods selected, and the average true range is an exponential average of the true ranges. Then:

ADX = 100 × the exponential moving average of the Absolute value of (+DI - -DI) divided

by (+DI + -DI). Variations of this calculation typically involve using different types of moving

averages.

2.2.7 Meta Trader 5 and MQL5

MetaTrader 5 is a trading platform designed to arrange brokerage services in financial markets like

Forex, CFD, Futures and equity.

MetaQuotes Language 5 (MQL5) is a built-in language in the Meta Trader 5 platform for pro-

gramming trading strategies. This language is developed by MetaQuotes Software Corp. Using this

language, one can create Expert Advisors that make trading management automated and are suitable

for implementing custom trading strategies.

Expert Advisor is a mechanical trading system linked up to a certain chart. An Expert Advisor

starts to run when an event happens that can be handled by it: events of initialization and deini-

tialization, event of a new tick (trading time step) receipt, a timer event, depth of market changing

event, chart event and custom events. An Expert Advisor can both inform you about a possibility to

trade and automatically trade on an account sending orders directly to a trade server.
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2.2.8 Stop Loss and Take Profit

A Stop-Loss is an order placed with a broker to sell a security if it reaches a certain price causing

certain amount of loss to the investor. It is designed to limit the investor’s loss on a security position.

A Take-Profit is an order placed with a broker to sell a security if it reaches a certain price so the

investor profit is increased by a certain amount.

2.2.9 Pip

The smallest price change that a given exchange rate can make.



Chapter 3

Algorithms Description

As mentioned above, in this thesis we present extensions for two algorithms, Bayes [3] and

Weighted Majority [5]. The Weighted Majority algorithm maintains a group of experts and a set of

weights. The weights form a distribution on the experts group and an expert is chosen randomly

according to this distribution at each time step. The prediction of the chosen expert is used as the

learner prediction. The true outcome is revealed and a loss is calculated for each expert in the group

according to its prediction. The loss is 0 for a correct prediction and 1 otherwise. The weights set is

updated according to the loss of each expert.

The Bayes learner is not required to answer a given question with a single answer but to give

a distribution on the admissible answers. The experts used by the Bayes learner also predict a

distribution on the admissible answers. The learner’s predicted distribution is the sum of predicted

distributions of the experts, multiplied by the experts’ weights. The weights can be viewed as the

experts’ prior probability of being correct. After the true outcome is revealed, the loss of each expert

is calculated to be the log of the probability predicted by the expert for the outcome value.

The weights update rule of both Bayes and Weighted Majority algorithms is essentially the

same. The Weighted Majority weight update rule for expert i at step t is:

wt+1,i ∝ wt,i · β
loss(i) (3.1)

where β is a constant and loss(i) is 1 if expert i made a mistake and 0 otherwise. By setting β

to exp−1 and using −log(pi(xt|x
t−1
1 )) as the loss function (where pi(xt|x

t−1
1 ) is the probability

predicted by expert i for the outcome at step t) we get the Bayes weight update rule:

wt+1,i ∝ wt,i · pi(xt|x
t−1
1 ) (3.2)

10
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3.1 Bayes algorithm

3.1.1 Problem Setting

Let X be the space of all possible outcomes in any time step. We can consult a group of experts H .

At each time step t = 1, . . . , T :

• Each expert h ∈ H predicts pt,h = ph(xt|x
t−1
1 ), which is a distribution over all possible

outcomes X .

• The master algorithm combines the predictions of all experts into a prediction qt, which is a

distribution over X .

• Observe xt ∈ X .

• Suffer a loss as − ln qt(xt).

The goal of the algorithm is to come up with a master algorithm which has the following prop-

erty:

−
T
∑

t=1

ln qt(xt) ≤ min
h∈H

[−
T
∑

t=1

ln pt,h(xt)] + [small amount] (3.3)

Put in another way, the algorithm goal is to obtain small regret w.r.t. a fixed hypothesis class H ,

where the regret is:

−
T
∑

t=1

ln qt(xt) + min
h∈H

T
∑

t=1

ln pt,h(xt) (3.4)

3.1.2 Algorithm description

The Bayes algorithm evolves from the marginalization assumption:

qt(xt) = P[xt|x
t−1
1 ] (3.5)

=
∑

h∈H

P[h∗ = h, xt|x
t−1
1 ]

=
∑

h∈H

P[h∗ = h|xt−11 ]P[xt|x
t−1
1 , h∗ = h]

=
∑

h∈H

wt,hpt,h(xt)
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where wt,h = P[h∗ = h|xt−11 ] and h∗ is the hypothesis generating (x1, ..., xt). Using the fact that

wt+1,h =
wt,hph,t(xt)
normalization

we derive the following algorithm:

Algorithm 1 Bayes

Input: A group of experts H; prior w1 over experts;

For t = 1, 2, . . . , T :

Output: qt(x) =
∑

h∈H wt,hpt,h(x)

Reveal: xt

Update: ∀h ∈ H wt+1,h =
wt,hpt,h(xt)
normalization

3.1.3 Regret Bound

We introduce the following notation: q(xt|x
t−1
1 ) = qt(xt). We can extend 3.5 to the entire sequence

by defining

q(xT1 ) = q(x1)q(x2|x1)q(x2|x1, x2) . . .

=
T
∏

t=1

q(xt|x
t−1
1 )

=
T
∏

t=1

qt(xt)

=
T
∏

t=1

P[xt|x
t−1
1 ]

= P[xT1 ]

Similarly, ph(x
T
1 ) can be defined so that

ph(x
T
1 ) = P[xT1 |h

∗ = h]

Now we can write the cumulative log loss of the algorithm as:

−
T
∑

t=1

ln qt(xt) = −
T
∑

t=1

ln q(xt|x
t−1
1 ) = − ln

T
∏

t=1

q(xt|x
t−1
1 ) = − ln q(xT1 )
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And the cumulative log loss of expert h is:

−
T
∑

t=1

ln ph,t(xt) = −
T
∑

t=1

ln ph(xt|x
t−1
1 ) = − ln

T
∏

t=1

ph(xt|x
t−1
1 ) = − ln ph(x

T
1 )

To bound the cumulative log loss of the algorithm, note that given a prior w over H

q(xT1 ) = P[xT1 ]

=
∑

h∈H

P[h∗ = h]P[xT1 |h
∗ = h]

=
∑

h∈H

whP[x
T
1 |h

∗ = h]

Hence, we have

− ln q(xT1 ) = − ln

(

∑

h∈H

whph(x
T
1 )

)

≤ − lnwhph(x
T
1 )

= − ln ph(x
T
1 ) + ln

1

wh

Since the above inequality holds for any h ∈ H ,

−
T
∑

t=1

ln qt(xt) = − ln q(xT1 ) (3.6)

≤ min
h∈H

(

− ln ph(x
T
1 ) + ln

1

wh

)

= min
h∈H

(

−
T
∑

t=1

ln pt,h(xt) + ln
1

wh

)

3.2 Weight share algorithm

3.2.1 Problem Setting

The regret in 3.6 was calculated in relation to the optimal expert in the group. We would like to

make the comparison class richer, by allowing the optimal expert to switch over time. We call this

sequence of experts a Meta-Expert denoted by f = 〈f1, . . . , fT 〉 where fi ∈ H . We denote by f∗

the optimal Meta-Expert. We assume the following probabilities:
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f∗1 : ∀h ∈ H P[f∗1 = h] =
1

|H|
(uniform prior over experts)

ft+1 : P[f∗t+1|f
∗
t ] =

{

1− α if f∗t+1 = f∗t ,
α

|H|−1 else

Where α ≤ 0.5. If we define vf to be the expert switch indicator vector of f over the learning

process, then the prior probability of f can be written as:

P[f ] =
1

|H|
(

α

|H| − 1
)|vf |(1− α)T−1−|vf | (3.7)

Given a limit on the number of switches, |vf | ≤ θ, we define the regret of the Weight-Share

algorithm to be:

−
T
∑

t=1

ln qt(xt) + min
f :|vf |≤θ

T
∑

t=1

ln ft(xt)

3.2.2 Algorithm Description

The algorithm assumes a similar marginalization assumption as the Bayes algorithm:

qt(xt) = P[xt|x
t−1
1 ]

=
∑

h∈H

P[f∗t = h, xt|x
t−1
1 ]

=
∑

h∈H

P[f∗t = h|xt−11 ]P[xt|x
t−1
1 , f∗t = h]

=
∑

h∈H

wt,hpt,h(xt)

where wt,h = P[f∗t = h|xt−11 ] and f∗ is the hypothesis generating (x1, ..., xt). Using the fact that

wt+1,h ∝
∑

ĥ∈H

w
t,ĥ
p
t,ĥ
(xt)×

{

1− α if ĥ = h
α

|H|−1 else

we derive the following algorithm:
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Algorithm 2 Weight Share Algorithm

Input: A group of experts H; prior w1 over experts;

For t = 1, 2, . . . , T :

Output: qt(x) =
∑

h∈H wt,hpt,h(x)

Reveal: xt

Update: ∀h ∈ H wt+1,h =
∑

ĥ∈H w
t,ĥ
p
t,ĥ
(xt)×

{

1− α if ĥ = h
α

|H|−1 else

Normalize wt+1

3.2.3 Regret Bound

The regret bound analysis of the Weight Share algorithm is the same as that of the Bayes algorithm,

where we replace experts with Meta-Experts. As was shown in the Bayes case, the regret depends

on the prior of the Meta-Experts:

−
T
∑

t=1

ln qt(xt) ≤ min
f :|vf |≤θ

(

−
T
∑

t=1

ln ft(xt) + ln
1

P[f ]

)

From equation 3.7 we can conclude that P[f ] monotonically decreases with |vf |. it follows that

P[f ] ≥
1

|H|
(

α

|H| − 1
)θ(1− α)T−1−θ

From the fact that ln (x) monotonically increases with x we conclude that:

ln(
1

P[f ]
) = ln(−P[f ]) ≤ ln(|H|) + θ ln(

|H| − 1

α
)− (T − 1− θ) ln(1− α) (3.8)

We assume that C(T − 1)α = θ where C > 1. We may use Chernoff bound to estimate our

assumption error probability (we do a similar analysis in more detail in section 3.3.3). We place

α = θ
C(T−1) in 3.8 to get:

ln(
1

P[f ]
) ≤ ln(|H|) + θ ln(

(|H| − 1)(T − 1)C

θ
)− (T − 1− θ) ln(1−

θ

C(T − 1)
)

From the fact that −(T − 1− θ) ln(1− θ
T−1) ≤ θ it follows that:

ln(
1

P[f ]
) ≤ ln(|H|) + θ ln(

(|H| − 1)(T − 1)C

θ
) + θ = O

(

ln(|H|) + θ ln

(

|H|T

θ

))
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3.3 Extension for the Weight Share Algorithm

3.3.1 Problem Setting

In our extension we allow two optimal experts to switch following a first-order two states Markov

model. Formally, let z = (z1, z2, . . . , zT ) ∈ {0, 1}
T be a sequence of (hidden) states with prior

π(z = i) = πi and let vz,uz ∈ {0, 1}
T−1 be state switch indicators of z, namely

vi
z
=

{

1 if zi = 1 ∧ zi−1 = 0

0 else

ui
z
=

{

1 if zi = 0 ∧ zi−1 = 1

0 else

Given a state transition matrix:

Q =

[

1− α α

β 1− β

]

where α, β ∈ (0, 0.5), we define the probability of z to be:

P[z] = πz0α
|vz|(1− α)lβ|uz|(1− β)T−1−|vz|−|uz|−l

where l is the number of times we stayed in the first state.

For each sequence z and two hypotheses h0, h1, we define a meta-expert fz,h0,h1 which its

predicted distribution at each time step is defined as follows:

fz,h0,h1(t, xt) = pt,hzt
(xt)

Additionally, we define a prior over the set of meta-experts to be:

P[fz,h0,h1 ] = P[z]
1

|H|2
(3.9)

Note that P[z] monotonically decreases with |vz| and |uz|. Based on the above, and given a

threshold parameters θα, θβ , we define the regret as follows:

−
T
∑

t=1

ln qt(xt) + min
z:|vz|≤θα,|uz|≤θβ

min
h0,h1∈H

T
∑

t=1

ln pt,hzt
(xt)
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3.3.2 Algorithm Description

Following the same line of analysis as in 3.2.2, we have:

qt(xt) = P[xt|x
t−1
1 ]

=
∑

z,(h0,h1)∈H2

P[f∗ = fz,h0,h1 |x
t−1
1 ]P[xt|x

t−1
1 , f∗ = fz,h0,h1 ]

=
∑

z,(h0,h1)∈H2

wt,h0,h1,zhzt(xt)

where wt,h0,h1,z = P[f∗ = fz,h0,h1 |x
t−1
1 ] and f∗ is the hypothesis generating (x1, ..., xt).

Analyzing wt,h0,h1,z:

wt,h0,h1,z = P[f∗ = fz,h0,h1 |x
t−1
1 ] =

P[xt−11 |f∗ = fz,h0,h1 ]P[fz,h0,h1 ]

P[xt−11 ]

From Equation 3.9 and the fact that P[xt−11 |f∗ = fz,h0,h1 ] = fzt−1
1 ,h0,h1

(xt−11 ) it follows that:

P[xt−11 |f∗ = fz,h0,h1 ]P[fz,h0,h1 ]

P[xt−11 ]
=

P[z]

P[xt−11 ]|H|2
fzt−1

1 ,h0,h1
(xt−11 )

Analyzing fzt−1
1 ,h0,h1

(xt−11 ):

fz,h0,h1(x
t
1) = P[xt1|z

t
1, h0, h1]

= P[xt|z
t
1, h0, h1]P[x

t−1
1 |zt1, h0, h1, xt]

= hzt(xt)P[x
t−1
1 |zt−11 , h0, h1]

= hzt(xt)fzt−1
1 ,h0,h1

(xt−11 )

Using induction we get that:

fz,h0,h1(x
t
1) =

t
∏

i=1

hzi(xi)

We conclude that:
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P[f∗ = fz,h0,h1 |x
t−1
1 ] =

P[z]

P[xt−11 ]|H|2

t−1
∏

i=1

hzi(xi)

Summarizing the above:

qt(xt) =
1

P[xt−11 ]|H|2

∑

z,(h0,h1)∈H2

P[z]
t
∏

i=1

hzi(xi) (3.10)

Analyzing
∑

z,(h0,h1)∈H2 P[z]
∏t

i=1 hzi(xi):

∑

z,(h0,h1)∈H2

P[z]
t
∏

i=1

hzi(xi) =
∑

(h0,h1)∈H2

h0(xt)
∑

zt−1
1

P[zt = 0|zt−1]P[z
t−1
1 ]

t−1
∏

i=1

hzi(xi)

+
∑

(h0,h1)∈H2

h1(xt)
∑

zt−1
1

P[zt = 1|zt−1]P[z
t−1
1 ]

t−1
∏

i=1

hzi(xi)

=
∑

(h0,h1)∈H2

wt(h0, h1, 0) + wt(h0, h1, 1)

where:

wt(h0, h1, i) = hi(xt)
∑

zt−1
1

P[zt = i|zt−1]P[z
t−1
1 ]

t−1
∏

j=1

hzj (xj)

Analyzing wt(h0, h1, i):

wt(h0, h1, i) = hi(xt)hi(xt−1)Qi,i

∑

zt−2
1

P[zt−1 = i|zt−2]P[z
t−2
1 ]

t−2
∏

j=1

hzj (xj)

+ hi(xt)h1−i(xt−1)Q1−i,i

∑

zt−2
1

P[zt−1 = 1− i|zt−2]P[z
t−2
1 ]

t−2
∏

j=1

hzj (xj)

= hi(xt)[Qi,iwt−1(h0, h1, i) +Q1−i,iwt−1(h0, h1, 1− i)] (3.11)

where w1(h0, h1, i) = πi.

From the analysis above we conclude that qt(xt) can be computed from wt(h0, h1, 0) and

wt(h0, h1, 1) for each (h0, h1) ∈ H2, where wt(h0, h1, 0) and wt(h0, h1, 1) are computed based
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on the values from the previous step using equation 3.11. The total number of iterations at each

step is |H|2.

Algorithm 3 Extension for the Weight Share Algorithm

Input: A group of experts H; State transition matrix Q:

Initialize: w1 ∈ H ×H × {0, 1} to w1(h0, h1, i) = πi;

Define: wt(h0, h1, i, x) = hi(x)[Qi,iwt−1(h0, h1, i) +Q1−i,iwt−1(h0, h1, 1− i)]

For t = 1, 2, . . . , T :

Output: q(x) = 1
|H|2

∏t−1
i=1 qi

∑

(h0,h1)∈H2 wt(h0, h1, 0, x) + wt(h0, h1, 1, x)

Reveal: xt

Update: ∀(h0, h1) ∈ H2 wt+1(h0, h1, i) = hi(xt)[Qi,iwt−1(h0, h1, i) +Q1−i,iwt−1(h0, h1, 1− i)]

3.3.3 Regret Bound

Using a similar analysis as in 3.2.3 we obtain the following bound:

−
T
∑

t=1

ln qt(xt) ≤ min
z:|vz|≤θα,|uz|≤θβ

min
h0,h1∈H

−
T
∑

t=1

ln pt,hzt
(xt) + 2 ln |H|+ ln

1

P[z]
(3.12)

In the simple Markov case when α = β we can look at vz + uz = yz as a switch indicator of a

random variable Y ∼ Bernoulli(α). If we set θα+ θβ = θ = C ∗ (T − 1) ∗α we can use Chernoff

inequality: P[|yz| > C ∗ (T − 1) ∗ α] < ( e
C−1

CC )(T−1)∗α (where C > 1 is constant) to bound the

probability that |vz| > θ or |uz| > θ. For the general case, If we set θα = Cα ∗ (T − 1) ∗ α

and θβ = Cβ ∗ (T − 1) ∗ β we can use a Chernoff bound the same way as an upper bound for the

probability that |vz| > θα or |uz| > θβ .

Theorem. ln 1
P[z̄] = O(θ ln T

θ
) where θ ln T

θ
= Max(θα ln

T
θα
, θβ ln

T
θβ
)

Proof.

P[z] = πz0α
|vz|(1− α)lβ|uz|(1− β)T−1−|vz|−|uz|−l

From the fact that P[z] monotonically decreases with |vz| and |uz|:

P[z] ≥ πz0α
θα(1− α)lβθβ (1− β)T−1−θα−θβ−l
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Using our assumption for the values of θα, θβ:

P[z] ≥ πz0(
θα

Cα ∗ (T − 1)
)
θα

(1−
θα

Cα ∗ (T − 1)
)l(

θβ
Cβ ∗ (T − 1)

)θβ (1−
θβ

Cβ ∗ (T − 1)
)T−1−θα−θβ−l

Applying ln(x) function and using the fact that ln (1−
θβ

Cβ∗(T−1)
) ≤ 0:

lnP[z] ≥ lnπz0 + θα ln (
θα

Cα ∗ (T − 1)
) + l ln (1−

θα
Cα ∗ (T − 1)

) + θβ ln (
θβ

Cβ ∗ (T − 1)
)+

(T − 1− θβ) ln (1−
θβ

Cβ ∗ (T − 1)
)

Using the fact that ln (1− θα
Cα∗(T−1)

) ≤ 0 and l ≤ T − 1:

lnP[z] ≥ lnπz0 + θα ln (
θα

Cα ∗ (T − 1)
) + (T − 1− θα) ln (1−

θα
Cα ∗ (T − 1)

)+

θα ln (1−
θα

Cα ∗ (T − 1)
) + θβ ln (

θβ
Cβ ∗ (T − 1)

) + (T − 1− θβ) ln (1−
θβ

Cβ ∗ (T − 1)
)

From the fact that (T − 1− θ) ln(1− θ
T−1) ≥ −θ:

lnP[z] ≥ lnπz0+θα ln (
θα

Cα ∗ (T − 1)
)+θβ ln (

θβ
Cβ ∗ (T − 1)

)−θα−θβ+θα ln (1−
θα

Cα ∗ (T − 1)
)

From the fact that ln (1− θα
Cα∗(T−1)

) ≥ ln θα
Cα∗(T−1)

:

lnP[z] ≥ lnπz0 + 2θα ln (
θα

Cα ∗ (T − 1)
) + θβ ln (

θβ
Cβ ∗ (T − 1)

)− θα − θβ

ln
1

P[z]
= − lnP[z] ≤ − lnπz0 + 2θα ln

Cα ∗ (T − 1)

θα
+ θβ ln

Cβ ∗ (T − 1)

θβ
+ θα + θβ = O(θ ln

T

θ
)

Note that this bound is better than the bound for the regular Switching Experts algorithm which

is O(ln |H| + θ ln(T |H|
θ

)). We obtain a better bound since we assume that the same two experts

are switched according to z, in contrast to the other Switching Experts algorithms which allow the



CHAPTER 3. ALGORITHMS DESCRIPTION 21

temporal optimal experts chain to be composed of all experts.
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3.4 Weighted Majority

The Bayes algorithm produces infinite loss when an observation xt is predicted to have zero

probability (qt(xt) = 0). From Equation 3.10 we can see that this can occur when each of the

Meta-Experts predict zero probability for xt or for one of the observations previous to it. At this

point we can no longer distinguish between the different Meta-Experts and all are considered to be

equally bad (produce infinite loss). We can solve this problem by limiting the admissible predicted

distributions or, by considering a different loss function. The Weighted Majority algorithm which

we will describe next, uses a 0-1 loss function. This algorithm also gives a single value as a

prediction rather than a distribution.

3.4.1 Problem Setting

Let X be the space of all possible outcomes in any time step. We can consult a group of experts H .

At each time step t = 1, . . . , T :

• Each expert h ∈ H predicts ht ∈ X .

• The master algorithm randomly chooses an expert h ∈ H and gives a prediction ĥt = ht.

• The outcome xt ∈ X is revealed.

• The learner suffers a loss of 1 if ĥt 6= xt and 0 otherwise.

The external regret is defined as follows:

T
∑

t=1

1[ĥt 6=xt]
−min

h∈H

T
∑

t=1

1[ht 6=xt] (3.13)
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3.4.2 Algorithm Description

Algorithm 4 Weighted Majority

Input: A group of experts H; prior w1 over experts; parameter µ ;

For t = 1, 2, . . . , T :

Let Zt =
∑

h∈H wt,h

Sample an expert h ∈ H at random according to (
wt,1

Zt
, . . . ,

wt,|H|

Zt
)

Output: ĥt = ht

Reveal: xt

Update: ∀h ∈ H wt+1,h = wt,he
−µ1[ht 6=xt]

3.4.3 Regret Bound

Theorem. If we run the Weighted Majority algorithm we have the following expected regret bound:

∀h ∈ H

T
∑

t=1

E[1[ĥt 6=xt]
]−

T
∑

t=1

1[ht 6=xt] ≤
− ln(w1,h)

µ
+

µT

8

where the expectation is w.r.t the algorithm own randomization. Furthermore, if we set µ =
√

−8 ln(θ)/T for some θ, then for all h ∈ H s.t wt,h ≥ θ we have

T
∑

t=1

E[1[ĥt 6=xt]
]−

T
∑

t=1

1[ht 6=xt] ≤ 4
√

2 ln(1/θ)T

Proof. Since wt+1,h = wt,he
−µ1[ht 6=xt] we have

ln
Zt+1

Zt
= ln

∑

h∈H

wt,h

Zt
e−µ1[ht 6=xt]

From Hoeffding’s lemma, if X is a random variable over [0, 1] then

lnE[e−µX ] ≤ −µE[X] +
µ2

8

Since wt/Zt is a probability vector and 1[ĥt 6=xt]
∈ [0, 1], we can apply Hoeffding’s lemma and

obtain:

ln
Zt+1

Zt
≤ −µ

∑

h∈H

wt,h

Zt
1[ht 6=xt] +

µ2

8
= −µE[1[ĥt 6=xt]

] +
µ2

8
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Summing the above inequality over t we get

ln(ZT+1)− ln(Z1) =
T
∑

t=1

ln
Zt+1

Zt
≤ −µ

T
∑

t=1

E[1[ĥt 6=xt]
] +

Tµ2

8
(3.14)

Next, we lower bound ZT+1. For each h ∈ H , let Mh be the number of mistakes h makes on the

entire sequence of T examples. Therefore wT+1,h = w1,he
−µMh and we get that

lnZT+1 = ln(
∑

h∈H

w1,he
−µMh) ≥ ln(w1,he

−µMh) = ln(w1,h)− µMh.

Combining the above with Equation 3.14 and using the fact that ln(Z1) = ln(1) = 0 we get that

−µMh + ln(w1,h) ≤ −µ
T
∑

t=1

E[1[ĥ 6=xt]
] +

Tµ2

8

which can be rearranged as follows:

T
∑

t=1

E[1[ĥ 6=xt]
]−Mh ≤

− ln(w1,h)

µ
+

µT

8

3.5 Weighted Majority with Switching Experts

3.5.1 Problem Setting

To extend the Weighted Majority algorithm to the experts switching domain, we consider a Meta-

Experts setting similar to the Bayes extended setting described in 3.2.

3.5.2 Algorithm Description

To make a prediction on round t, suffice it to know for each h ∈ H the total weight of meta-experts

f s.t ft = h . Denote this quantity by wt−1,Mh
. Formally,

wt−1,Mh
=
∑

f :ft=h

wt−1,f

Using wt−1,Mh
we can efficiently calculate the prediction on round t by simply choosing ĥ accord-

ing to the distribution wt−1,M
ĥ
/
∑

h∈H wt−1,Mh
and return ĥt. Initially w0,Mh

= 1/|H| since we
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define a uniform prior over H . Also note that for any t we have that

∑

f :ft+1=h∧ft=h

wt−1,f = P[f : ft = h]P[f : ft+1 = h|ft = h] = wt−1,Mh
(1− α)

Similarly, for ĥ 6= h we have

∑

f :ft+1=ĥ∧ft=h

wt−1,f = P[f : ft = h]P[f : ft+1 = ĥ|ft = h] = wt−1,Mh
(

α

|H| − 1
)

The following equation can be derived easily from the above equations

wt,Mh
= wt−1,Mh

(1− α)e−µ1[ht 6=xt] +
∑

ĥ 6=h

wt−1,M
ĥ
(

α

|H| − 1
)e
−µ1[ĥt 6=xt]

That is, wt,Mh
can be calculated based on wt−1,Mh

in time O(|H|) by calculating once
∑

ĥ∈H wt−1,M
ĥ
e
−µ1[ĥt 6=xt] and then for each h ∈ H subtracting from the above the h’th summand,

and multiplying the two terms appropriately.

3.5.3 Regret Bound

As in the Bayes case we reduced the switching experts problem to the Weighted Majority problem

setting using Meta-Experts. So we can easily deduce the regret bound from the Weighted Majority

regret bound.
T
∑

t=1

E[1[f̂ t
t 6=xt]

]−Mf ≤
− ln(w1,f )

µ
+

µT

8

The bound is depended on the Meta-Experts prior. For a Meta-Expert f with k switches the prior is

defined as follows:

P[f ] =
1

|H|
(

α

|H| − 1
)k(1− α)(T−k−1)

Using the same assumptions as in the Weight Share algorithm case and following the same analysis

we derive the following bound:

ln(
1

P[f ]
) = O

(

ln(|H|) + θ ln

(

|H|T

θ

))

where θ is a limit on the number of switches.
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3.6 Extension for the Weighted Majority algorithm

3.6.1 Problem Setting

The setting is identical to the setting described in 3.3.1 except that we replace the prediction type to

match that of the Weighted Majority algorithm.

3.6.2 Algorithm Description

Similar to the Weighted Majority algorithm, the prediction on round t is made by choosing a Meta-

Expert randomly and giving its prediction as the learner prediction for that round. A naive imple-

mentation of the Weighted Majority using Meta-Experts will require a number of weight updates

exponential in T at each step. An efficient implementation is described next:

To make the prediction on round t, suffices it to know the weight of each expert h ∈ H on round

t, which is the total weight of meta-experts fz,h0,h1 for which hzt = h. We define wt(h0, h1, i) to

be the total weight of meta experts {fz,h0,h1}z on time t s.t zt = i, where i ∈ {0, 1}.

wt(h0, h1, i) =
∑

zt−1
1

P[h0, h1, z
t−1
1 , zt = i]exp(

t
∑

j=1

−µ1[hzj
6=xj ])

=
exp(−µ1[ht

i 6=xt])

|H|2

∑

zt−1
1

P[zt = i|zt−1]P[z
t−1
1 ]exp(

t−1
∑

j=1

−µ1[hzj
6=xj ])

Since the weights are normalized at each step we can omit |H|2. Placing i and 1 − i in zt−1 and

using the transition matrix Q (defined in the 3.3.1) we can easily derive the following update rule:

wt(h0, h1, i) = exp(−µ1[ht
i 6=xt])[Qi,iwt−1(h0, h1, i) +Q1−i,iwt−1(h0, h1, 1− i)] (3.15)

We can then calculate the total weight of expert h ∈ H in time t by using the following equation:

wt
h =

∑

ĥ∈H

wt(h, ĥ, 0) + wt(ĥ, h, 1)

As in the Bayes case we keep at step t for each pair (h0, h1) two values: wt(h0, h1, 0) and

wt(h0, h1, 1) and update them in the next step by using the equation above. The number of iterations

is reduced to |H|2 at each step.
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Results

4.1 Synthetic data tests

4.1.1 0-1 Loss

The following graphs show a comparison between the Weighted Majority [5] loss, Weighted Major-

ity with Switching Experts [4] loss and our algorithm loss and regret on randomly created synthetic

data.

27
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(a) Sequence Length (b) Experts group size

Figure 4.1: Weighted Majority [5], Weighted Majority with Switching Experts [4] and our algorithm

loss and regret as a function of sequence length and experts group size. The regret is equal to the

loss since the optimal expert obtains zero loss (as the optimal expert generated the observations and

no probabilities were involved as in the Bayes case). The regret in Figure 4.1(b) behaves as expected

and is logarithmic in |H|. In figure 4.1(a) the regret is linear in T which can be contributed to the

factor θ in the regret bound (Equation 3.3.3) which is linear in T . We used α = 0.2 and β = 0.8

switch probabilities for our algorithm and calculated for the Weighted Majority [5] algorithm a

switch probability value of 0.5 where 0.5 = 0.5*0.2 + 0.5*0.8, using a state prior of 0.5.

4.1.2 Bayes

The following graphs show a comparison between the Bayes [3], Weight Share [4] and our algorithm

loss on randomly created synthetic data.
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(a) Sequence Length (b) Experts group size

Figure 4.2: Bayes [3], Weight Share [4] and our algorithm loss and regret as a function of sequence

length and experts group size. In these graphs the regret is different from the loss of our algorithm, as

opposed to the Weighted Majority case, since the optimal Meta-Expert loss is greater than zero. This

is because the optimal Meta-Expert creates the test observations randomly according to its predicted

distribution, and since this distribution does not contain zero probabilities, its loss is positive with

probability greater than zero.

4.1.3 Synthetic data creation for tests

The algorithms were given randomly created synthetic observations and experts for the tests above.

The observations and experts were created in the following way:

• Setting the parameters: X cardinality to 2, state switch probability r to 0.5 (in the simple

Markov case) and α = 0.2 and β = 0.8 (for the general Markov case), states prior π0, π1 to

0.5, learning rate µ to 1. In graphs 4.1(a) and 4.2(a) the number of experts is 4. In graphs

4.1(b) and 4.2(b) the sequence length is 100.

• Generate Meta-Experts: Generate randomly for each expert a |X|×T matrix which represents

the predicted distribution of the experts in each step 1, .., T . In the Weighted Majority case,

each column of the matrix contains 1 in the row corresponding to the predicted observation

and 0 in all other rows. Choose 2 experts and map them to states {0,1}. Generate randomly a

sequence of states: z = (z1, z2, . . . , zT ) ∈ {0, 1}
T (according to the chosen states prior and
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switch probabilities). The resulting map from experts to state sequence is a Meta-Expert. By

repeating the procedure above, we created a group of Meta-Experts.

• Generate observations: Choose a Meta-Expert randomly from the Meta-Experts group de-

scribed in the previous step to serve as an optimal Meta-Expert. Using the predicted distri-

bution of the Meta-Expert which was generated in the previous step, generate an observation

for each step. In the Weighted Majority case the observation at step t will be the value corre-

sponding to the row containing 1 in column t of the |X| × T matrix. In the Bayes case the

observation is generated randomly using the Meta-Expert predicted distribution defined by

column t.

• Compute algorithms loss: The implemented algorithms described in this thesis were given

the experts and observations created in the previous steps. The algorithms returned their loss

for the given input.

• The above steps were repeated for 100 iterations. The average loss of each algorithm over the

whole process is displayed in the above graphs.

4.2 Forex market data Tests

Figure 4.3: Weighted Majority [5], Weighted Majority with Switching Experts [4] and our algorithm

profit gained when trading on EUR/US data in 2009.

The following tests were done using the MetaTrader 5 trading platform [1]. This platform introduces

an API for trading on the stock and currency market using a programing language called MQL5 [2].
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4.2.1 Auto-Traders creation

Using the MQL5 language we have created an automatic trader, also called Expert Advisor (2.2.7),

which uses a simple configurable trading strategy (see 4.2.2). Each parameter setting of this strategy

defines a different automatic trader which will serve as an expert in our algorithm. We assumed

the market was switching between two states according to a Markov model approximated using

historical market data. The first state is a ’stable’ state where the prices change gradually. The

second state is an ’unstable’ state where the price variation is high. We optimized the parameters

of the strategy separately for each market state. Then we created new strategies with parameters

spreading within the range defined by the optimized parameters of the two states.

4.2.2 Trading Strategy

Our Expert Advisors monitor two indicators. When certain conditions are met, the EAs alert for

a potential trade (either a Short/Sell or Long/Buy). For each alert a virtual order is placed, so a

virtual profit can be calculated when closing conditions for the order are met (i.e Stop loss or Take

profit points are reached). This allows us to monitor an EA’s performance and update its weight

accordingly.

The first indicator monitored by the experts is the Moving Average indicator. The indicator

is calculated on a period length which differs from one expert to another. The EA place a Long

(Buy) trade when the Moving Average increases upwards and the price closes above it. If the MA

decreases downwards and the price closes below it, the EA place a Short (Sell) trade.

The second indicator used is the Average Directional Movement (ADX) indicator which is also

calculated on a period length which differs from one expert to another. This indicator helps us

determine whether the market is trending or not. The EAs place a trade only when the above

conditions are met and the ADX value is greater than 22. If ADX is greater than 22 but decreasing

or, ADX is less than 22, we will not trade. We are doing this because we only want to enter the trade

when the market is trending and relax when the market is ranging. We protect ourselves by setting

a stop loss of 30 pips, and we target a profit of 100 pips. The EA looks for Buy/Sell opportunities

only when a new bar in the price chart has been formed and no open order for this EA exists.

4.2.3 Running the algorithm

In each step of the trading session the experts received information about the market and decided

whether to buy or sell the given asset. In the next time step the profit of each expert was calculated

and the weight assigned to each expert was updated according to the profit made. In each time step

an expert was chosen randomly according to the experts’ weight distribution and a buy/sell order
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was made according to the expert advice in that time step (In other words, we tested the Weighted

Majority [5] version of our algorithm with a slight variation, where the expert’s weight was updated

according to the amount of money made, and not just on a profit/loss indicator). We simulated

our algorithm by trading on EUR/US data for the year 2009, where each time step was 2 hours

long. We used the following algorithm parameters: learning rate: 1, switch probabilities: 0.5 for

simple Markov case, 0.2-0.8 for general Markov case, states prior: 0.5, number of experts: 4. We

calculated an average profit for 100 iterations. All the algorithms were profitable on the average.

Our algorithm was slightly more profitable than the others as graph 4.3 shows.
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